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Abstract
In the search for exact solutions to Einstein’s field equations the main
simplification tool is the introduction of spacetime symmetries. Motivated
by this fact we develop a method to write the field equations for general
matter in a form that fully incorporates the character of the symmetry. The
method is being expressed in a covariant formalism using the framework
of a double congruence. The basic notion on which it is based is that
of the geometrisation of a general symmetry. As a special application of
our general method we consider the case of a spacelike conformal Killing
vector field on the spacetime manifold regarding special types of matter
fields. New perspectives in General Relativity are discussed.
1 Introduction
In recent years there has been a lot of research work in symmetries in General
Relativity. Originally, the motivation was the need to simplify Einstein’s field
equations in the search for exact solutions, and the introduction of symmetries
or collineations served as the basic tool.
1
The types of symmetries dealt with are those which arise from the existence
of a Lie algebra of vector fields on the spacetime manifold which are invariant
vector fields of certain geometrical objects on this manifold. The symmetries
can be expressed in relations of the form LξW = Y where W and Y are two
geometrical objects on the spacetime manifold and ξa is the vector field generating
the symmetry [1].
The most important and common symmetries are those for which W and Y
are one of the fundamental tensor fields of Riemannian geometry, namely
gab, Γ
a
bc, Rab, Rabcd
A diagram defining these symmetries and giving their relative hierarchy is given
in [2].
The most extensively studied symmetries in the context of General Relativ-
ity are the Killing vectors and the Conformal Killing vectors [3,4,5,6,7]. Some
work has also been done on Affine collineations [8,9,10], Curvature collineations
[2,11,12] and contracted Ricci collineations [13,14,15]. The latter symmetries are
much more difficult to be studied, because besides the metric they involve other
geometrical objects which obey concrete conditions, that make the hadling and
the interpretation of the equations difficult. A unified approach to all these sym-
metries from a purely differential geometric point of view has been recently given
in [16].
It seems to us that although the motivation to study all the above mentioned
symmetries was the simplification of Einstein’s equations in the search for exact
solutions, this initial aim has been partially unfulfilled. More concretely there
doesn’t seem to appear in the literature, so far as we know, a general framework
which permits the incorporation of a symmetry of every possible kind in Einstein’s
equations for general matter.
Towards this direction we develop a method to write the field equations for
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general matter in a form that fully incorporates the character of the symmetry.
Our method is based on the notion of geometrisation of a general symmetry,
that is we employ the description of it as necessary and sufficient conditions on
the geometry of the integral lines of the vector field which generates the sym-
metry. Attempts towards this direction have been done for timelike Conformal
Killing vectors [17,18], using the theory of timelike congruences [19,20,21,22,23],
for spacelike Conformal Killing vectors [24], using the theory of spacelike congru-
ences [25,26], and recently a step towards a generalisation of this idea has been
presented in [27].
The most important aspect of the “geometrisation” method to study a sym-
metry is that the symmetry is expressed in a form that it is suited to the simpli-
fication of the field equations in a direct and inherent way.
The method we develop may be outlined as follows:
The introduction of a symmetry is most conveniently studied if we consider
the Lie derivative of the field equations with respect to the vector ξa which
generates the symmetry. After doing this we obtain an expression which on the
left-hand side contains the Lie derivative of the Ricci tensor and on the right-hand
side contains the Lie derivative of the energy momentum tensor. Eventually, we
obtain the field equations as Lie derivatives along the symmetry vector of the
dynamical variables. The LξRab can be calculated directly from the symmetry in
terms of ξa;b. If we employ the corresponding theory of congruences we can express
the ξa;b in terms of the kinematical quantities (expansion, vorticity, shear) which
characterise the congruence generated by the symmetry vector. The next step is
to use the expression of a general symmetry as an equivalent set of conditions on
the kimematical quantities characterising the congruence, namely we apply the
geometrisation of a symmetry. If we substitute these conditions into the general
expression for LξRab we manage to write directly the field equations, for any type
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of matter, in a way that they inherit the symmetry of ξa.
In this work we compute the LξTab using the most general form of the energy-
momentum tensor Tab, and the method is being demonstrated assuming only that
ξa is a spacelike vector orthogonal to the 4-velocity u
a of the observers. This choice
is justified by the fact that we wish to keep the length of the equations as short as
possible and at the same time exhibit all the steps of the method in a transparent
manner, without falling into irrelevent to our purposes complications. Although
we work with a spacelike symmetry vector it is plausible that our approach can
be applied to an arbitrary (non-null) ξa, tilted with respect to u
a. (We note that
the case in which ξa is timelike is much more simpler).
Having considered general matter it is evident that all the studies referring to
various simplified types of matter like perfect fluids, charged fluids, anisotropic
fluids and so on, consist special cases of our general scheme and they offer the
ground to check the validity of our results. Thus we finally manage to recover
and extend the results of the current literature, for example those of references
[28,29,30] and [31].
The structure of the paper is as follows:
In section 2 we introduce the double congruence covariant framework permit-
ting the introduction of arbitraty reference frames. In section 3 we present the
generic formulation of symmetries in General Relativity and then we study the
geometrisation of spacetime symmetries. The key formal results of the paper are
contained in section 4 where we construct the symmetries-incorporated Einstein’s
field equations for general matter. Section 5 shows how these results are used
in the situation of a spacelike Conformal Killing vector symmetry discussing the
perfect fluid case. Finally we summarize and conclude in section 6, discussing
further avenues of research. The applications considered here are taken just far
enough to demonstrate and provide a familiar context for the techniques devel-
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oped in this paper. I expect to return in later papers to the new applications
which these techniques make possible.
The notation will be the usual one. M will denote the spacetime manifold
with metric g of Lorentz signature (–,+,+,+), which is assumed to be smooth.
The Riemann, and Ricci tensors are denoted by Rabcd, and Rab, respectively,
whilst a semi-colon denotes a covariant derivative, a comma a partial derivative
and L is the Lie derivative. Round and square brackets will denote the usual
symmetrisation and skew-symmetrisation of indices. Latin indices take the values
0,1,2,3 and units are used for which the speed of light and Einstein’s gravitational
constant are both unity.
2 The double congruence framework
In order to develop our method we are going to use the most general approach
to the description of reference frames, namely the theory of congruences. This
approach is explicitly general covariant at each its step, permitting use of abstract
representation of tensor quantities.
2.1 Timelike Congruences
The notion of reference frames is considered in the scope of classical physics,
namely in the assumption that the observation and measurement procedures do
not disturb the spacetime geometry. This means that the reference bodies are test
ones and the only limitation on their motion is due to the relativistic causality
principle: since a reference body represents an idealisation of sets of measuring
devices and local observers, its’ points worldlines should be timelike. Therefore
we shall assume that the motion of a reference body is described by a congruence
of timelike worldlines.
It is also obviously possible to an observer to move together with a frame of
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reference, locally or in a spacetime region (globally). When an object moves to-
gether with a reference frame, it is geometrically identified with the latter, so that
the worldlines of its mass points form a congruence. Such a congruence presents
a complete characterisation of the reference frame, and with any reference frame
a conceptual object (thus a test one) of the above type can be associated, which
is called the body of reference. Since it models a set of observers and their
measuring devices, but no photons, the reference frame congruence should be
timelike.
We conclude that in the spacetime region where such a reference frame is
realised, we consider a congruence of integral curves of a unit timelike vector
field which is naturally interpreted as a field of 4-velocities of local observers, or
equivalently of the worldlines of particles forming a reference body. Every local
observer represents such a test particle.
It is important to note that the congruence concept is essential because for
the sake of regularity of the mathematical description of the frame, these lines
have not to mutually intersect, and they must cover completely the spacetime
region under consideration, so that at every world point one has to find one and
only one line passing through it. The simplest way to describe a reference frame
is to identify the congruence of local observers with a congruence of the time
coordinate lines, which should be timelike [32].
Thus all the tensor quantities, as well as all the differential operators, defined
on the spacetime manifold, can be projected onto the physical time direction
of a frame of reference and its local three-space with the help of appropriate
projectors.
Let us assume that u is a future pointing unit timelike vector field (uaua = −1)
representing the 4-velocity field of a family of test observers filling the spacetime
or some open submanifold of it.
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The observer-orhogonal decomposition or [1+3] decomposition of the tangent
space, and, in turn of the algebra of spacetime tensor fields, is accomplished by
the temporal projection operator v(u) along u and the spatial projection operator
h(u) onto the orthogonal local rest space, which may be identified with mixed
second rank tensors acting by contraction
δab = v(u)
a
b + h(u)
a
b (1)
where
v(u)ab = −u
aub (2)
h(u)ab = δ
a
b + u
aub (3)
These satisfy the usual orthogonal projection relations
v(u)2 = v(u), h(u)2 = h(u) (4)
and
v(u)h(u) = h(u)v(u) = 0 (5)
If S is a general tensor, then the “measurement” of S by the observer congru-
ence is the family of spatial tensor fields which result from the spatial projection
of all possible contractions of S by any number of factors of u. For example, if S
is a (1,1)-tensor, then its measurement
Sab → (u
ducS
c
d, h(u)
a
cu
dScd, h(u)
d
aucS
c
d, h(u)
a
ch(u)
d
bS
c
d) (6)
results in a scalar field, a spatial vector field, a spatial 1-form and a spatial
(1,1)-tensor field. It is exactly this family of fields which occur in the orthogonal
decomposition of S with respect to the observer congruence
Sab = [v(u)
a
c + h(u)
a
c][v(u)
d
b + h(u)
d
b]S
c
d
= [uducS
c
d]u
aub + . . .+ h(u)
a
ch(u)
d
bS
c
d (7)
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The reference frame generated by ua is described in the theory of timelike
congruences by the introduction of its kinematical quantities
σab, ωab, θ, u˙a
which are defined by the irreducible decomposition or “measurement” of the
covariant derivative ua;b with respect to u
a [22,23]
ua;b = σab + ωab +
1
3
θhab − u˙aub (8)
where u˙a denotes the acceleration vector of reference frame; θ the volume rate of
expansion scalar; σab is the rate of shear tensor, with magnitude
σ2 =
1
2
σabσ
ab
and ωab is the vorticity tensor. It is convenient to define a vorticity vector
ωa =
1
2
ηabcdωbcud
denoting the angular velocity vector of frame of reference where ηabcd is the totally
skew-symmetric permutation tensor.
We note that that an overdot over a kernel letter means derivation with respect
to ua, hence u˙a = ua;bu
b.
These concepts were borrowed by the references frames theory from hydro-
dynamics where they play an important role. They all are also important in
the theory of null congruences, often used in the classification of gravitational
fields by principal null directions (the Petrov types) and also generation of exact
Einstein-Maxwell solutions [33].
Finally, we note that a partial splitting of spacetime based only on a timelike
congruence (splitting off time alone) is referred as the congruence or “time plus
space” or [1+3] decomposition, whereas a spacelike slicing of spacetime (splitting
off space alone) is referred as the hypersurface splitting or “space plus time”
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or [3+1] decomposition [34,35,36]. The two formalisms coincide in the case of
the observer-orthogonal decomposition of the tangent space of the spacetime
manifold.
If we had chosen the vector field generating a spacetime symmetry to be time-
like, then the covariant formalism provided by the theory of timelike congruences
would be enough to develop our method. Instead, we have chosen the more com-
plicated case in which we have a spacelike symmetry vector. In this case a more
sophisticated covariant formalism is needed and we are naturally led to use the
concept of a double congruence.
2.2 Double Congruences
For our purposes we consider a double congruence which involves two vector fields:
a timelike vector field ua representing the 4-velocity of a family of test observers
and a spacelike vector field ξa, which corresponds to a physical observable vector
field, for example electric field or magnetic field. We demonstrate the previous
point by considering the electromagnetic field strength tensor Fab = F[ab].
Then
Ea = F abu
b and Ha =
1
2
ηabcdubFcd
Hence
Eaua = H
aua = 0
and both the electric and magnetic field as measured by the observers ua have
spacelike character.
We set ξa = ξηa, where ηa is a unit spacelike vector ηaηa = 1 normal to the
4-velocity vector ua.
To observe the given spacelike curves generated by η in the vicinity of the
spacetime point P , we introduce, at that point, an observer moving with a 4-
velocity ua. We further suppose that the spacelike curve C is orthogonal to ua
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at the point P ; then
uaηa = 0
It is important to emphasize that given a spacelike vector there is not a unique,
orthogonal, timelike unit vector associated with it. We may add to the vector ua
any vector ta such that
wa = ua + ta
where ta satisfies the conditions
tau
a = 0 and tat
a + 2tau
a = 0
This freedom in our choice of an observer is essential in the covariant character
of the theory.
In what follows we shall restrict attention to the observer moving with a 4-
velocity ua. Furthermore for the purpose of observation this observer erects a
screen orthogonal to the spacelike curve C at P . That is, the congruence of
curves passes perpendicularly through the screen.
Except at the given point P , the motions of the observers employed along
the curve C have still to be specified. We require that the 4-velocities ua of the
observers used along C are related by:
pacuc
∗ = pacη˙
c (9)
(uau
a)∗ = 0, (uaη
a)∗ = 0 (10)
where an asterisk denotes derivation with respect to ηa, hence
uc∗ = ua;bη
b
The above ensures that ua is always a unit vector orthogonal to ηa along C.
Equations (14) and (15) are equivalent to the single condition
ua
∗ = η˙a + (η˙bub)ua − (ηb
∗ub)ηa (11)
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which we call the Greenberg’s transport law for ηa [25].
The decomposition with respect to the double comgruence (u, η) or [1+1+2]
decomposition of the tangent space, and, in turn of the algebra of spacetime
tensor fields, is accomplished by the temporal projection operator v(u) along u,
the spatial projection operator s(η) along η, and the screen projection operator
p(u, η) which projects normally to both (u, η) onto an orthogonal two dimensional
space, called the screen space.
All the above projection operators may be identified with mixed second rank
tensors acting by contraction.
δab = v(u)
a
b + s(η)
a
b + p(u, η)
a
b (12)
v(u)ab = −u
aub (13)
s(u)ab = η
aηb (14)
p(u, η)ab = δ
a
b + u
aub − η
aηb = h
a
b − η
aηb (15)
The covariant derivative ηa;b can be decomposed with respect to the double
congruence (u, η) as follows
ηa;b = Aab + ηa
∗ηb + ua[η
tut;b + (η
tu˙t)ub − (η
tut
∗)ηb] (16)
where
Aab = p
c
ap
d
bηc;d (17)
We decompose Aab further into its irreducible parts with respect to the orthogonal
group:
Aab = Tab +Rab +
1
2
Epab(u, η) (18)
where Tab = Tba,T
a
a = 0 is the traceless part of Aab, and Rab is the rotation
of Aab. We have the relations
Tab = p
c
ap
d
bη(c;d) −
1
2
Epab (19)
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Rab = p
c
ap
d
bη[c;d] (20)
E = pcdηc;d = η
a
;a + η˙
aua (21)
The tensors Rab,Tab and the scalar E are defined as the kinematical quantities
of the spacelike congruence and have the following physical significance: Rab
represents the screen rotation,Tab the screen shear and E the screen expansion.
It is easy to show that in (16) the ua term in parentheses can be written in a
very useful form as follows:
−Nb + 2ωtbη
t + ptbη˙t
where
Nb = p
a
b(η˙a − ua
∗) (22)
On using (22), equation (16) takes the form
ηa;b = Aab + ηa
∗ηb + p
c
bη˙cu
a + (2ωtbη
t −Nb)ua (23)
The vector Na, which is called Greenberg’s vector, is of fundamental impor-
tance in the theory of double congruences. Geometrically the condition Na = 0
means that the congruences ua and ηa are two surface forming. Kinematically, it
means that the field ηa is “frozen in” along the observers ua.
We show in this work that the role of Greenberg’s vector is more general
and establishes a connection between the field equations and the symmetries at
kinematical level.
Using (16) we can also prove the following useful identities that the Lie deriva-
tives of the projection tensors pab and hab obey and which we are going to use
later
1
ξ
Lξpab = 2[Tab +
1
2
Epab]− 2u(aNb) (24)
1
ξ
Lξhab = 2[Tab +
1
2
Epab]− 2u(aNb) + 2(log ξ)(,aηb) + 2η
∗
(aηb) (25)
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3 Geometrisation of Spacetime Symmetries
The types of symmetries we are going to deal with, in what follows are those
which arise from the existence of a Lie algebra of vector fields on the spacetime
manifold which are invariant vector fields of certain geometrical objects on this
manifold.
In Riemannian geometry the building block is the metric tensor gab in the
sense that all the important geometrical objects of this geometry are expressed
in terms of gab.
Following the standard literature [2,16,27], we define the generic form of a
symmetry to be
Lξgab = 2Ψgab +Hab (26)
where Ψ is a scalar field and Hab is a symmetric traceless tensor field. Both of
the fields satisfy a unique set of conditions specific to each particular symmetry
and lead to a unique decomposssition of Lξgab. As special examples we mention
that the Killing symmetries are characterized by
Ψ = Hab = 0
the Homothetic symmetries by
Ψ = φ = constant and Hab = 0
the Conformal symmetries by
Ψ = ω(xa) and Hab = 0
whereas the Affine symmetries by Ψ, Hab such that
Ψ;c = 0 and Hab;c = 0
The generic form of a spacetime symmetry permits us to treat all of them in
a unifying manner and is essential to our approach.
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The geometrisation of spacetime symmetries is managed if we describe it
as necessary and sufficient conditions on the geometry of the integral lines of
the vector field which generates the symmetry. For our purposes we are going
to study the geometrisation of a general spacetime symmetry generated by a
spacelike vector field ξa = ξηa using the framework of the double congruence
(u, η) developed in section 2.
In the above framework the geometrisation of a a spacetime symmetry is
established through the following theorem:
Theorem:The vector field ξa = ξηa is a solution of
Lξgab = 2ψgab +Hab
if and only if
Tab =
1
2ξ
(pcap
d
b −
1
2
pcdpab)Hcd (27)
η˙aua =
1
ξ
(−Ψ) +
1
2ξ
H11 (28)
ηa∗ = −ua[− ˙log ξ +
1
ξ
H21] + p
ab[−(log ξ),b +
1
ξ
Hb2] (29)
ξ∗ = ψ +
1
2
H22 (30)
E =
2ψ
ξ
+
1
2ξ
pabHab (31)
Na = −2ωabη
b +
1
ξ
pbaHb1 (32)
where we use the notational convention
Z . . .a . . . u
a = Z . . .1 . . . and Z . . .a . . . η
a = Z . . .2 . . .
for every tensor field Z.
Proof
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The equation
Lξgab = 2Ψgab +Hab
can be written equivalently in the form
ξ(ηa;b + ηb;a) + ξ,aηb + ξ,bηa = 2Ψgab +Hab (33)
We decompose the above equation with respect to the double congruence (u, η).
This can be done by contracting (26) with uaub, uaηb, uapbc, η
aηb, ηapbc and
pacp
b
d respectively.
We obtain in turn:
uaub : η˙aua =
1
ξ
(−Ψ) +
1
2ξ
H11 (34)
uaηb : ηa∗ua = − ˙log ξ +
1
ξ
H21 (35)
uapbc : ξp
a
c(η˙a + ηb;au
b) = pacHa1 (36)
ηaηb : ξ∗ = Ψ+
1
2
H22 (37)
ηapbc : p
b
cη
∗
b = p
b
c[−(log ξ),b +
1
ξ
Hb2] (38)
pacp
b
d : Tcd +
1
2
Epcd =
1
2ξ
pacp
b
dHab +
1
ξ
Ψpcd (39)
In equation (36) the first term of the lhs can be written in the form
ξpac(η˙a + ηb;cu
b) =
ξpac(η˙a − ua
∗ + ua;bη
b − ub;aη
b) =
ξNc + ξp
a
c(ua;b − ub;a)η
b =
ξNc + 2ξp
a
cωabη
b (40)
Substituting (40) in (36) and using
pbaωbcη
c = ωacη
c
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we obtain
Na = −2ωabη
b +
1
ξ
pbaHb1 (41)
Equtions (35) and (38) give us the components of ηa∗ along ua and on the
screen space of ηa,ua. It is possible to combine them into a single equation
ηa∗ = −ua[− ˙log ξ +
1
ξ
H21] + p
ab[−(log ξ),b +
1
ξ
Hb2] (42)
Next we consider the trace and the traceless part of (39) and we obtain cor-
respondingly
Trace : E =
2Ψ
ξ
+
1
2ξ
pabHab (43)
Traceless part : Tab =
1
2ξ
(pcap
d
b −
1
2
pcdpab)Hcd (44)
The converse of the theorem is proved as follows:
We consider the tensor
ξ(a;b) −Ψgab −
1
2
Hab = ξη(a;b) + ξ(,aηb) −Ψgab −
1
2
Hab (45)
Contracting this with uaub, uaηb, uapbc, η
aηb, ηapbc and p
a
cp
b
d respectively and
applying relations (27)-(32), we prove that this tensor vanishes. The above com-
pletes the proof of the theorem.
The above theorem is of major importance to our approach because if we use
it the symmetry is expressed in a form that it is possible to be incorporated in
Einstein’s field equations in a direct and inherent way.
Besides the theorem can be used in other ways depending on the information
supplied. For example if information is available on the vector field ξa which
generates the symmetry, one can investigate what type of symmetry the given
vector field can generate. Conversely if information is available on the scalar and
tensor fields ψ,Hab one can use the theorem to obtain information on the vector
field ξa which generates the symmetry.
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4 The symmetries-incorporated Einstein’s equa-
tions
The Einstein field equations with a non-zero cosmological constant can be written
as
Rab = Tab + (Λ−
T
2
)gab (46)
where Λ is the cosmological constant and T is the trace of the energy-momentum
tensor Tab.
We wish to incorporate a general spacetime symmetry into Einstein’s field
equations. This is desirable because one can effectively eliminate the symmetry
from the field equations and find solutions that will by construction comply with
the symmetry.
The effects of the symmetries at the dynamical level are obtained by the Lie
derivation of the Einstein field equations
LξRab = Lξ[Tab + (Λ−
T
2
)gab] (47)
Eventually we obtain the field equations as Lie derivatives along the symmetry
vector. We assume that the symmetry vector ξa is spacelike orthogonal to the
4-velocity ua of the observers.
First of all we express the energy-momentum tensor Tab in terms of its con-
stituent dynamical variables by irreducibly decomposing it with respect to the
double congruence (u, η). Next we compute the rhs of (47) in terms of the Lie
derivatives of the dynamical variables. The next step is to compute the LξRab
directly from the generic form of the symmetry in terms of ξa;b. Employing the
(u, η) double congruence framework we use the expression of ξa;b in terms of the
kinematical quantities, namely we use the geometrisation of the symmetry ap-
plying the theorem proved in section 3. Thus we finally manage to write the
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field equations in a way that they fully incorporate the character of a spacetime
symmetry.
4.1 [1 + 1 + 2] Irreducible decomposition of Tab
It is well known from the literature that the irreducible decomposition of the
energy momentum tensor Tab with respect to the four velocity u
a of observers,
defines the dynamical variables of spacetime [22,23]
Tab = µuaub + phab + 2q(aub) + piab (48)
where µ and p denote the total energy density and the isotropic pressure, qa
is the heat flux vector, and piab is the traceless anisotropic stress tensor. These
quantities include contributions by all sources, for example by an electromagnetic
field. In particular qa represents processes such as heat conduction and diffusion
as well as the electromagnetic flux.
We can further decompose irreducibly the quantities qa and piab using the
double congruence framework, since -except the timelike congruence of observers-
there is also defined a spacelike congruence on spacetime, representing covariantly
a physical observable field as well as the character of the symmetry vector.
qa = vηa + Qa (49)
piab = γ(ηaηb −
1
2
pab) + 2P(aηb) +Dab (50)
where
v = qaηa, Q
a = pabqb, γ = piabη
aηb
,
Pa = p
a
bpi
b
cη
c, Dab = (p
c
ap
d
b −
1
2
pabp
cd)picd
The tensors Qa, P a, Dab are on the screen space of (u, η) and Dab is traceless.
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The dynamical variables are constrained to obey the conservation equations
T ab;b = 0 (51)
which result from the identity Gab;b = 0, where Gab denotes the Einstein tensor.
The above equations can be irrecucibly decomposed in the double congruence
(u, η) framework into the following system of equations, which consist the con-
servation laws that the dynamical variables of spacetime have to satisfy.
µ˙+ (µ+ p)θ + qa;a + q
au˙a + piabσab = 0 (52)
(µ+ p)(u˙aη
a) + (p;c + q˙c + pi
b
c;b)η
c + θ(qaηa)
+qbub
∗ − 2(pcbq
b)ωbtη
t = 0 (53)
(µ+ p)u˙apac + (p;
a + q˙a + piba;b)pac
+θqapac + q
bua;bpac = 0 (54)
4.2 [1 + 1+ 2] irreducible decomposition of the rhs of Ein-
stein’s field equations
4.2.1 Computation of LξRab using the field equations
We are going to compute the Lie derivative of the Ricci tensor using the field
equations. The field equations for general matter (46) using (48) can be written
in the form
Rab = (µ+ p)uaub +
1
2
(µ− p+ 2Λ)gab + 2q(aub) + piab (55)
We study the case in which ξa = ξηa corresponding to ξa spacelike and or-
thogonal to the 4-velocity of the observers. We decompose the above equation
with respect to the double congruence (u, η). This is achieved by contracting the
Lie derivative of the Ricci tensor with uaub, uaηb, uapbc, η
aηb, ηapbc and p
a
cp
d
b
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respectively. If we denote by 1
ξ
LξRab[uu],
1
ξ
LξRab[uη],
1
ξ
LξRab[up],
1
ξ
LξRab[ηη],
1
ξ
LξRab[ηp],
1
ξ
LξRab[pp] the independent projections correspondingly we obtain:
1
ξ
LξRab[uu] = [
1
2
(µ+ 3p)∗ + (µ+ 3p− 2Λ)(u˙cηc)
− 2(qcηc) ˙(log ξ)− 2(q
cNc) + 2(q
cηc)(u
d∗ηd)]uaub (56)
1
ξ
LξRab[uη] = −2[−
1
2
(µ− p+ 2Λ)(uc∗ηc)− (q
cηc)
∗picdη
c(ud
∗
− η˙d)
+ (qcηc)(η˙
dud) +
1
2
(µ− p+ 2Λ + 2picdη
cηd) ˙(log ξ)
− (qcηc)(log ξ)
∗]u(aηb) (57)
1
ξ
LξRab[up] = −2[
1
2
(µ− p+ 2Λ)Nd + (µ+ 3p− 2Λ)ωcdη
c
− picep
c
d(u
e∗ − η˙e)− qcAcd − q
c∗pcd
+ pcdqc(η˙
eue)− (q
cηc)p
e
d(log ξ);e + η
epcdpiec
˙(log ξ)]u(ap
d
b) (58)
1
ξ
LξRab[ηη] = [
1
2
(µ− p+ 2picdη
cηd)∗ + (µ− p+ 2Λ + 2picdη
cηd)(log ξ)∗]ηaηb (59)
1
ξ
LξRab[ηp] = 2[
1
2
(µ− p+ 2Λ)pcdη
c∗ + pcd(piceη
e)∗
+ piceη
eAcd + 2(qtη
t)ωdcη
c + ηcpedpice(log ξ)
∗
+
1
2
(µ− p+ 2Λ + 2piceη
cηe)pf d(log ξ),f ]η(ap
d
b) (60)
1
ξ
LξRab[pp] = [(µ− p+ 2Λ)(Tcd +
1
2
Epcd) +
1
2
(µ− p)∗pcd
+ pief (Aecpd
f + Aedpc
f ) + pief
∗
pecpfd
+ 4qcp
e
(cωd)fη
f + 2ηepiefpc
(fpt)d(log ξ),t]p
c
(ap
d
b) (61)
The above projections of the Lie derivative of the Ricci tensor have been
obtained taking into account the irreducible decomposition of the symmetric (0, 2)
tensor Tab with respect to u
a. However, since ξa is spacelike we have further
irreducible decompositions of the tensor fields. Concretely if we use equations
(49) and (50) we express the Lie derivative of the Ricci tensor in terms of the
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irreducible parts of the dynamical variables. Then the projections obtain the
following irreducible form:
1
ξ
LξRab[uu] = [
1
2
(µ+ 3p)∗ + (µ+ 3p− 2Λ)(u˙cηc)
− 2QcNc − 2v[ ˙(log ξ) + η
c∗uc]]uaub (62)
1
ξ
LξRab[uη] = −2[
1
2
(µ− p+ 2Λ + 2γ)[ ˙(log ξ) + ηc∗uc]
+ P cNc − v
∗ − v[(log ξ)∗ − η˙cuc]]u(aηb) (63)
1
ξ
LξRab[up] = −2[
1
2
(µ− p+ 2Λ− γ)Nc + (µ+ 3p− 2Λ)ωdcη
d
+ Pc[ ˙(log ξ) + η
c∗uc] +DdcN
d − vpdc[ηd
∗ + log ξ,d]
+ Qc(η˙
dud)−QdA
d
c − p
d
cQ
∗
d]p
c
(aub) (64)
1
ξ
LξRab[ηη] =
1
2
[(µ− p + 2γ)∗ + (µ− p+ 2Λ + 2γ)(log ξ)∗]ηaηb (65)
1
ξ
LξRab[pη] = 2[pdcP
∗ +
1
2
(µ− p+ 2Λ + 2γ)pdc[ηd
∗ + (log ξ),d]
+ P d[Adc + (log ξ)
∗pcd]− 2vωdcη
d]pc(aηb) (66)
1
ξ
LξRab[pp] =
1
2
[(µ− p− γ)∗ + (µ− p+ 2Λ− γ)E ]pab
+ pcap
d
bDcd
∗ + 2Ac(bD
c
a) + (µ− p+ 2Λ− γ)Tab
+ 4Q(aωb)cη
c + 2P(ap
c
b)[ηc
∗ + (log ξ),c] (67)
4.2.2 Incorporation of symmetries
Using the theorem proved in section 3 we reexpress the Lie derivative of the Ricci
tensor in terms of the quantities Ψ, Hab which characterise the generic form of a
spacetime symmetry. Thus we finally obtain the independent projections of the
Lie derivative of the Ricci tensor along the symmetry generating vector in terms
of the fields characterising the symmetry Ψ,Hab and the irreducible dynamical
variables in the following form:
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1ξ
LξRab[uu] = [
1
2
(µ+ 3p)∗ + (µ+ 3p− 2Λ)(
Ψ
ξ
−
1
2ξ
H11)
−
2v
ξ
H21 − 2Q
cN c]uaub (68)
1
ξ
LξRab[uη] = −2[
1
2ξ
(µ− p+ 2Λ + 2γ)H21
+ PcN
c − v∗ − v
1
2ξ
(4Ψ +H22 −H11)]u(aηb) (69)
1
ξ
LξRab[ηη] = [
1
2
[(µ− p+ 2Λ) + 2γ]∗
+ [(µ− p+ 2Λ) + 2γ](log ξ)∗]ηaηb (70)
1
ξ
LξRab[pu] = −2[
1
2
[(µ− p+ 2Λ) + 2γ]Nc + (µ+ 3p− 2Λ)ωtcη
t −Qt
∗ptc
−
v
ξ
Ht2p
t
c −Q
tHtc +DtcN
t +
1
ξ
H21Pc −Q
tRtc
− Qc(
2Ψ
ξ
+
1
4ξ
pefHef −
1
2ξ
H11)]p
c
(aub) (71)
1
ξ
LξRab[pη] = 2[p
d
cPd
∗ + Pc(
2Ψ
ξ
+
1
4ξ
pefHef +
1
2ξ
H22) + PdH
d
c + PdR
d
c
+
1
2ξ
[(µ− p+ 2Λ) + 2γ]pdcHd2 − 2vη
dωdc]p
c
(aηb) (72)
1
ξ
LξRab[pp] =
1
2
(µ− p− γ)∗pab + [(µ− p+ 2Λ) + 2γ][Hab
+
1
4ξ
pcdHcdpab +
Ψ
ξ
pab] + 2Dc(aR
c
b) + EDab + 2Dc(aHb)
c
+ pc(ap
d
b)Dcd
∗ +
2
ξ
P(ap
c
b)Hc2 + 4Q(aωb)tη
t (73)
4.3 [1 + 1 + 2] irreducible decomposition of the lhs of Ein-
stein’s field equations
We consider the generic form of a spacetime symmetry
Lξgab = 2Ψgab +Hab
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where
Haa = 0 and Hab = Hba
The Lie derivative of the connection coefficients in terms of the Lie derivative
of the metric tensor is expressed as follows [4]:
LξΓ
a
bc =
1
2
gad[(Lξgab);c + (Lξgac);b − (Lξgbc);d] (74)
Combining equations (26) and (74) we obtain directly:
LξΓ
a
bc =
1
2
gad[2Ψ;cgbd + 2Ψ;bgdc − 2Ψ;dgb +Hdb;c +Hdc;b +Hbc;d] (75)
Equation (75) is equivalent to the following:
LξΓ
a
bc = Ψ;cδ
a
b +Ψ;bδ
a
c −Ψ;
agbc +
1
2
[Hdb;c +Hdc;b +Hbc;d] (76)
Furthermore it is easy to obtain
LξΓ
a
ab = 4Ψ;b (77)
In order to calculate the Lie derivative of the Ricci tensor we apply the relation
LξRab = (LξΓ
s
ab); s− (LξΓ
s
as); b (78)
Hence we obtain:
LξRab = [Ψ;aδ
s
b +Ψ;bδ
s
a −Ψ;
sgab +
1
2
(Hsa;b +H
s
b;a −Hab;
s)]
;s
− 4Ψ;a
= (ψ;ab +Ψb;a − ψ;
s
s
gab − 4Ψ;ab) +
1
2
(Hsa;bs +H
s
b;as +Hab;
s
s
) (79)
Equivalently we obtain:
LξRab = −2Ψ;ab −✷ψgab +
1
2
(Hsa;bs +H
s
b;as +Hab;
s
s
) (80)
or
LξRab = −2Ψ;ab −✷ψgab +
1
2
Λab (81)
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where
Λab = H
s
a;bs +H
s
b;as +Hab;
s
s
(82)
Next we decompose Ψ;ab with respect to the double congruence (u, η) frame-
work into its irreducible parts
Ψ;ab = λΨuaub − 2kΨη(aub) − 2sΨ(aub)
+ γΨηaηb + 2pΨ(aηb) +DΨab +
1
2
aΨpab (83)
where
λΨ = Ψ;abu
aub, kΨ = Ψ;abη
(aub), sΨa = pa
bΨ;bcu
c
γΨ = Ψ;abη
aηb, 2pΨa = pa
bΨ;bcη
c
DΨab = (p
c
ap
d
b −
1
2
pabp
cd)Ψ;cd, aΨ = Ψ;abp
ab
Moreover we have
gabΨ;ab = −λΨ + γΨ + aΨ
Thus the sum −2Ψ;ab −✷ψgab is decomposed irreducibly as
− 2Ψ;ab −✷ψgab = (−3λΨ + γΨ + aΨ)uaub + 4kΨη(aub)
+ 4sΨ(aub) + (λΨ − 3γΨ − aΨ)ηaηb − 4pΨ(aηb)
− 2DΨab + (λΨ − γΨ − 2aΨ)pab (84)
Similarly the tensor Λab defined by equation (82) is decomposed irreducibly
as follows:
1
2
Λab = λΛuaub − 2kΛη(aub) − 2sΛ(aub)
+ γΛηaηb + 2pΛ(aηb) +DΛab +
1
2
aΛpab (85)
Thus the lhs of Einstein’s equations is decomposed irreducibly as follows:
1
ξ
LξRab[uu] =
1
ξ
(λΛ − 3λΨ + γΨ + aΨ)uaub (86)
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1ξ
LξRab[uη] =
1
ξ
(−2(kΛ − 2kΨ))η(aub) (87)
1
ξ
LξRab[up] =
1
ξ
[−2(sΛc − 2sΨc)]p
c
(aub) (88)
1
ξ
LξRab[ηη] =
1
ξ
[(γΛ − 3γΨ) + (λΨ − aΨ)]ηaηb (89)
1
ξ
LξRab[ηp] =
1
ξ
[2(pΛc − 2pΨc)]p
c
(aηb) (90)
1
ξ
LξRab[pp] =
1
ξ
[DΛab − 2DΨab + (λΨ − γΨ − 2aΨ +
1
2
aΛ)pab] (91)
4.4 The symmetries-incorporated field equations for the
irreducible dynamical variables
Our purpose is to construct the field equations for general matter that the dy-
namical variables µ, p, γ, v, Qa, P a, Dab of spacetime satisfy, in such a way that
the information of any particular spacetime symmetry imposed, is directly incor-
porated in the form of the equations. As a first step we equate the results we
have obtained previously for the rhs and the lhs of Einstein’s equations:
[1
2
(µ+ 3p)∗ + (µ+ 3p− 2Λ)(Ψ
ξ
− 1
2ξ
H11)−
2v
ξ
H21 − 2Q
cN c] =
1
ξ
(λΛ − 3λΨ + γΨ + aΨ) (92)
[1
2
[(µ− p+ 2Λ) + 2γ]∗ + [(µ− p+ 2Λ) + 2γ](Ψ
ξ
+ 1
2ξ
H22)] =
1
ξ
((γΛ − 3γΨ) + (λΨ − aΨ)) (93)
[ 1
2ξ
(µ− p+ 2Λ + 2γ]H21 + PcN
c − v∗ − v 1
2ξ
(4Ψ +H22 −H11) =
1
ξ
(kΛ − 2kΨ) (94)
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[1
2
[(µ− p + 2Λ)− γ]Nc + (µ+ 3p− 2Λ)ωtcη
t −Qt
∗ptc −
v
ξ
Ht2p
t
c −Q
tHtc
+DtcN
t + 1
ξ
H21Pc −Q
tRtc −Qc(
2Ψ
ξ
+ 1
4ξ
pefHef −
1
2ξ
H11)]
= 1
ξ
(sΛc − 2sΨc) (95)
[pdcPd
∗ + Pc(
2Ψ
ξ
+ 1
4ξ
pefHef +
1
2ξ
H22) + PdH
d
c + PdR
d
c
+ 1
2ξ
[(µ− p+ 2Λ) + 2γ]pdcHd2 − 2vη
dωdc]
= 1
ξ
(pΛc − 2pΨc) (96)
(µ− p− γ)∗ + (µ− p+ 2Λ− γ)( 1
2ξ
pefHef +
2Ψ
ξ
)
2DcdHcd +
2
ξ
P cHc2 + 4Q
cωctη
t
= 2(λΨ − γΨ − 2aΨ +
1
2
aΛ) (97)
pcap
d
bDcd
∗ + EDab + (µ− p+ 2Λ− γ)Hab + 2Dc(aR
c
b)
+2(pc(ap
d
b) −
1
2
pabp
cd)(DecH
e
d + 2Q(cωd)tη
t)
= DΛab − 2DΨab (98)
The above system of equations can give us the irreducible equations that
each of the dynamical variables of spacetime obey, if we manage to disentagle it
through appropriate algebraic manipulations.
Equations (92),(93) and (97) can be written equivalently as follows corre-
spondingly:
µ∗ + (µ+ Λ)(2Ψ
ξ
− 1
ξ
H11) + 3(p
∗ + (p− Λ))(2Ψ
ξ
− 1
ξ
H11)
= 2
ξ
(λΛ − 3λΨ + γΨ + aΨ) +
4v
ξ
H21 + 4QcN
c (99)
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µ∗ + (µ+ Λ)(2Ψ
ξ
+ 1
ξ
H22)− [p
∗ + (p− Λ)(2Ψ
ξ
+ 1
ξ
H22)]
+2[γ∗ + γ(2Ψ
ξ
− 1
ξ
H22)] =
2
ξ
[λΨ − aΨ + (γΛ − 3γΨ)] (100)
µ∗ + (µ+ Λ)(2Ψ
ξ
+ 1
2ξ
pefHef)− [p
∗ + (p− Λ)(2Ψ
ξ
+ 1
2ξ
pefHef)]
−[γ∗ + γ(2Ψ
ξ
+ 1
2ξ
pefHef)] = −4Q
cωctη
t
+2
ξ
(λΨ − γΨ − 2aΨ +
1
2
aΛ)− 2D
cdHcd −
2
ξ
P cHc2 (101)
Moreover we note that
gabHab = 0 or p
abHab = H11 −H22
Hence equation (101) can be written in the form
µ∗ + (µ+ Λ)[2Ψ
ξ
+ 1
2ξ
(H11 −H22)]− [p
∗ + (p− Λ)(2Ψ
ξ
+ 1
2ξ
(H11 −H22))]
−[γ∗ + γ(2Ψ
ξ
+ 1
2ξ
(H11 −H22))] = −4Q
cωctη
t
+2
ξ
(λΨ − γΨ − 2aΨ +
1
2
aΛ)− 2D
cdHcd −
2
ξ
P cHc2 (102)
Next if (102) is multiplied by a factor of two and added to (100) gives
µ∗ + (µ+ Λ)(2Ψ
ξ
+ 1
3ξ
H11)− (p
∗ + (p− Λ)(2Ψ
ξ
+ 1
3ξ
H11))
+γ(1
ξ
H22 −
1
3ξ
H11) =
1
3ξ
(6λΨ − 10aΨ + 2γΛ − 10γΨ + 2aΛ)
−8
3
Qcωctη
t − 4
3
DcdHcd −
4
3ξ
P cHc2 (103)
Furthermore we multiply (103) by a factor of three and we add to (99)
µ∗ + (µ+ Λ)2Ψ
ξ
− (p− Λ)1
ξ
H11 +
1
4ξ
γ(3H22 −H11)
= 1
2ξ
[λΛ + γΛ + aΛ − 4γΨ − 4aΨ] +
v
ξ
H21 +QcN
c
−2Qcωctη
t −DcdHcd −
1
ξ
P cHc2 (104)
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Next we consider the difference of (99) and (103)
p∗ + (p− Λ)(2Ψ
ξ
− 2
3ξ
H11)−
1
4ξ
γ(H22 −
1
3
H11)−
1
3ξ
(µ+ Λ)H11
= 1
6ξ
(3λΛ − γΛ − aΛ + 8aΨ + 8γΨ − 12λΨ) +QcN
c
+2
3
Qcωctη
t + 1
3
DcdHcd +
1
3ξ
P cHc2 +
v
ξ
H21 (105)
Finally we subtract (102) from (100) and we obtain:
[γ∗ + γ(2Ψ
ξ
+ 1
6ξ
H11 +
1
2ξ
H22)] + (µ+ Λ)
1
2ξ
(−1
ξ
H11 +H22)
+(p− Λ) 1
2ξ
(1
ξ
H11 −H22) =
2
3ξ
(γΛ −
1
2
aΛ − 2γΨ + aΨ)
+2
3
DcdHcd +
2
3
1
ξ
P cHc2 +
4
ξ
Qcωctη
t (106)
Thus the final irreducible form of the symmetries-incorporated Einstein field
equations for the dynamical variables resulting from the decomposition of the
energy-momentum tensor for general matter is described from the following sys-
tem of equations:
Symmetries-incorporated field equations for µ, p, γ
µ∗ + (µ+ Λ)2Ψ
ξ
− (p− Λ)1
ξ
H11 +
1
4ξ
γ(3H22 −H11)
= 1
2ξ
[λΛ + γΛ + aΛ − 4γΨ − 4aΨ] +
v
ξ
H21 +QcN
c
−2Qcωctη
t −DcdHcd −
1
ξ
P cHc2 (107)
p∗ + (p− Λ)(2Ψ
ξ
− 2
3ξ
H11)−
1
4ξ
γ(H22 −
1
3
H11)−
1
3ξ
(µ+ Λ)H11
= 1
6ξ
(3λΛ − γΛ − aΛ + 8aΨ + 8γΨ − 12λΨ) +QcN
c
+2
3
Qcωctη
t + 1
3
DcdHcd +
1
3ξ
P cHc2 +
v
ξ
H21 (108)
[γ∗ + γ(2Ψ
ξ
+ 1
6ξ
H11 +
1
2ξ
H22] + (µ+ Λ)
1
2ξ
(−1
ξ
H11 +H22)
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+(p− Λ) 1
2ξ
(1
ξ
H11 −H22) =
2
3ξ
(γΛ −
1
2
aΛ − 2γΨ + aΨ)
+2
3
1
ξ
P cHc2 +
4
ξ
Qcωctη
t + 2
3
DcdHcd (109)
Symmetries-incorporated field equations for v,Qa, P a, Dab
v∗ + v 1
2ξ
(4Ψ +H22 −H11)
= [− 1
2ξ
(µ− p+ 2Λ + 2γ)]H21 + PcN
c − 1
ξ
(kΛ − 2kΨ) (110)
Qt
∗ptc +Q
tHtc +Q
tRtc +Qc(
2Ψ
ξ
− 1
4ξ
(H11 +H22)]
= −1
ξ
(sΛc − 2sΨc)− [+
1
2
[(µ− p + 2Λ)− γ]Nc + (µ+ 3p− 2Λ)ωtcη
t
−v
ξ
Ht2p
t
c +DtcN
t + 1
ξ
H21Pc (111)
pdcPd
∗ + Pc[
2Ψ
ξ
+ 1
4ξ
(H11 +H22)] + PdH
d
c + PdR
d
c
= − 1
2ξ
[(µ− p+ 2Λ) + 2γ]pdcHd2 + 2vη
cωdc
+1
ξ
(pΛc − 2pΨc) (112)
pcap
d
bDcd
∗ + EDab + 2Dc(aR
c
b)
+2(pc(ap
d
b) −
1
2
pabp
cd)DecH
e
d
= DΛab − 2DΨab − (µ− p+ 2Λ− γ)Hab − 4Q(cωd)tη
t(pc(ap
d
b) −
1
2
pabp
cd)(113)
The system of equations (107)-(113) provide the desirable irreducible decom-
position of Einstein’s equations for general matter when an arbitrary symmetry
has been introduced in spacetime, such that the information regarding the sym-
metry is explicitly contained in the field equations.
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This system of equations provides the key formal results of the paper and
generalises all the previous attempts to attack the problem, in an elegant and
unifying manner. Moreover it greatly enlarges the scope of previous works since it
can be applied to all types of symmetries as well as to all types of matter. Thus it
consists the unified geometrical framework that we have to take into account when
discussing Einstein’s equations in spacetimes with general symmetries. Aside
from elegance and covariance properties it provides the direct link among seperate
approaches discussing particular symmetries and matter fields.
It is evident that the exact physical significance of the various parameters
involved in the equations is provided by the special type of symmetry and matter
that somebody considers applying the formalism. It is also expectable that the
system of the symmetries-incorporated Einstein equations will reduce to familiar
forms when applied to well-studied specific matter fields as well as symmetries.
Even in this case there are some new insights to be gained from seeing these old
calculations in the new general setting.
In the following section we demonstrate how these formal results are used in
the case of a spacelike Conformal Killing vector symmetry, discussing the perfect
fluid case. We expect to explore the applications of the symmetries-incorporated
Einstein equations in the situation of Affine and Curvature collineations for var-
ious types of matter in later papers.
5 Application : The case of a spacelike confor-
mal Killing vector symmetry
5.1 Kinematical Level
A spacelike conformal Killing vector ξa = ξηa(ηaua = 0) satisfies the equation
Lξgab = 2Ψgab (114)
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We note that in this case Hab = 0.
From the theorem proved in section 3 the geometrisation of this particular
symmetry is described by the following set of conditions:
Tab = 0 (115)
ηa
∗ + (log ξ),a =
1
2
Eηa (116)
η˙au
a = −
1
2
E (117)
pba(η˙b + u
tηt;b) = 0 (118)
The conformal factor Ψ reads
Ψ =
1
2
ξE = ξ∗ (119)
Due to the condition uaηa = 0 equation (118) can be written in the form
Na = −2ωabη
b (120)
Moreover the decomposition of the covariant derivative of the spacelike vector
field ηa is written as
ηa;b = Aab + ηa
∗ηb − η˙aub + p
c
bη˙cua (121)
from which immediately obtain
Lξη
a = −ψηa (122)
Moreover using (120) we easily find
Lξu
a = −Ψua − ξNa (123)
From (24) and (25) we can also compute
Lξpab = 2Ψpab − 2ξu(aNb) (124)
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Lξhab = 2Ψhab − 2ξu(aNb) (125)
If Na = 0 then (u, η) span a two dimensional surface in spacetime. The screen
space is the orthogonal complement to this surface. The screen space admits ξa
as a spacelike conformal Killing vector with conformal factor Ψ and its metric
is defined by pab(u, η). The rest space of the observers is the three dimensional
space normal to ua. The rest space admits admits ξa as a spacelike conformal
Killing vector with conformal factor Ψ and its metric is defined by hab(u).
Finally, for a conformal Killing vector we have from (80) the following further
equations
LξRab = −2Ψ;ab − gab✷Ψ (126)
LξR = −2ΨR − 6✷Ψ (127)
5.2 Dynamical Level
We use the set of equations (107)-(113) in the special case we study and the
results from the kinematical level. It is straightforward to obtain the following
field equations:
µ∗ + (µ+ Λ)E = −
2
ξ
(aΨ + γΨ) + 2QaN
a (128)
p∗ + (p− Λ)E =
2
3ξ
(2aΨ + 2γΨ − 3λΨ) +
2
3
QaN
a (129)
γ∗ + γE = −
4
3ξ
(γΨ −
1
2
aΨ)−
2
3
QaN
a (130)
v∗ + vE =
2
ξ
kΨ + PaN
a (131)
pdcQ
d∗ + EQc =
2
ξ
sΨc + (µ+ p−
1
2
γ)Nc +Ddc −QdR
d
c (132)
pdcPd
∗ + EPc = −
2
ξ
PΨc + vNc − PdR
d
c (133)
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pcap
d
bDcd
∗ + EDab = −
2
ξ
DΨab − 2Rc(aD
c
b) + 2(p
c
ap
d
b −
1
2
pcdpab)Q(cNd) (134)
The dynamics is fully specified if in addition to the field equations we con-
sider the conservation equations (52)-(54), which if expressed in terms of their
ireducible parts read
µ˙+ (µ+ p− γ
2
)θ + v∗ + 2vE + pabQa;b +Q
a(log ξ);a
+2Qau˙a +
3
2
γ ˙(log ξ) + 2σabP
aηb + σabD
ab = 0 (135)
(p+ γ)∗ + 1
2
(µ+ p+ 4γ)E + v˙
+v[θ + ˙(log ξ)] + pabPa;b + Pa(u˙a − η
a∗) = 0 (136)
pca[(µ+ p− γ/2)u˙c + p;c + Q˙c +
4
3
θQc + σcdQ
d
+2vσcdη
d + Pc
∗ +RcdP
d + EPc +Dc
d
;d −
3
2
γ(log ξ);c −
1
2
γ;c] = 0 (137)
The system of equations (128)-(137) characterise completely the dynamics
induced by the Einstein equations when a spacelike Conformal Killing vector
symmetry exists in spacetime. Thus it is possible if we specify a concrete type of
matter field and after introducing appropriate systems of coordinates to obtain
solutions which by construction comply with this symmetry.
Since all the dynamical information is contained in (128)-(137) all of the
propositions or no-go theorems which can arise in the above setting, and gradually
have appeared in the literature using various methods, are contained implicitly
in the system we have constructed. In order to clarify this point, in what follows,
we specialise our discussion in the case of a perfect fluid spacetime.
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5.3 The Perfect fluid case
In the case of a perfect fluid the following relations hold:
ψ;ab = λΨuaub + γΨhab + ξ(µ+ p)N(aub) (138)
✷Ψ = 3γΨ − λΨ (139)
LξRab = 3(γΨ − λΨ)uaub
+(−5γΨ + λΨ)hab − 2ξ(µ+ p)N(aub) (140)
LξR = −2ΨR − 6(3γΨ − λΨ) (141)
The general field equations in the case of a perfect fluid when a conformal
Killing vector symmetry is introduced take the form:
µ∗ + (µ+ Λ)E = −
6
ξ
γΨ (142)
p∗ + (p− Λ)E =
2
ξ
(2γΨ − λΨ) (143)
(µ+ p)Na = −
2
ξ
sΨa (144)
0 = kΨ = PΨa = DΨab (145)
aΨ = 2γΨ (146)
The consevation equations become
p∗ +
1
2
(µ+ p)E = 0 (147)
(µ− p+ 2ΛΨ = 4γΨ + 2λΨ (148)
(µ+ p)pbau˙b + p
c
ap,c = 0 (149)
Using the above sets of equations we can recover all the theorems that have
been proved in the literature in a large series of publications using other methods,
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quite easily. Since the large majority of these theorems are well known we are
not going to state all of them, but we will restrict ourselves in mentioning two
examples of propositions of this kind, so as to prove the increased flexibility of
our formalism in familiar situations, and at the same time, to gain new insights
by their embedding in a unified geometrical framework.
Proposition: Let ξa be a proper homothetic spacelike Killing vector orthogonal
to the 4-velocity of observers of a perfect fluid spacetime (Ψ;a = 0, Ψ 6= 0). Then
p− Λ = µ+ Λ, namely matter is stiff and the current ja := ξ[a;b]; b vanishes.
Proof: If ξa is a conformal Killing vector we can easily obtain that the vector
field Ψ;a obeys the following identity:
Ψ;a = −
1
3
(µ+ p)(utξ
t)ua +
1
6
(p− µ− 2Λ)ξa
−
2
3
q(aub)ξ
b −
1
3
piabξ
b −
1
3
ja (150)
The above identity results if we apply the Ricci identity and use the expression
of the Ricci tensor in terms of the dynamical variables from the field equations.
Since we refer to a perfect fluid spacetime the above equation reads
(2γΨ − λΨ)ξa = Ψ(3Ψ;a + j
a) (151)
Next we use (143) and we immediately see that the condition Ψ;a implies that
p− Λ = µ+ Λ, or else matter is stiff and the current ja := ξ[a;b]; b vanishes.
Proposition: Let ξa be a spacelike conformal Killing vector orthogonal to the
4-velocity of observers of a perfect fluid spacetime. Then if Λ = 0, µ + p = 0
and the dominant energy condition holds, spacetime is a de Sitter spacetime with
constant positive curvature and ξa reduces to a Killing vector.
Proof: From conservation equations we find that µ = const and from our
assumptions positive since µ + p = 0. Field equations (142) and (143) imply
γΨ = −λΨ and field equation (144) that sΨa = 0. From these results we have:
Ψ;ab = γΨgab (152)
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LξRab = −γΨgab (153)
LξR = −2ΨR− 24γ −Ψ (154)
From Einstein’s field equations we find in this case:
Rab = µgab (155)
R = 4µ = const (156)
Thus spacetime is a de-Sitter spacetime. Moreover equation (155), (156) give
µΨ = −3γΨ (157)
Applying Ricci’s identity to the vector Ψ;a we find R
abΨ;a = 0 which upon re-
placing Rab from (155) we obtain µΨ;a = 0. But we have µ > 0 hence the above
gives Ψ;a = 0 or γΨ = 0. Thus from (157) we conclude that Ψ = 0, hence ξ
a
reduces to a Killing vector.
6 Summary and Discussion
The basic tool to simplify Einstein’s field equations, in search for exact solutions,
has been the introduction of spacetime symmetries. The latter form Lie algebras
of vector fields on the spacetime manifold which are invariant vector fields of
certain geometrical objects on this manifold.
Related to the initial motivation, it would be very desirable to have in hand a
general framework permitting the incorporation of a symmetry of every possible
kind in Einstein’s equations for general matter. There lacks in the literature
a unified approach that will apply to all the symmetries and also to general
matter. We have presented a general method to handle the field equations for
general matter when a spacetime symmetry is introduced in its work.
Our method has been expressed in a covariant formalism, using the framework
of a double congruence (u, η), permitting the introduction of arbitrary reference
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frames and eventually systems of coordinates. The basic notion on which it is
based is that of the geometrisation of a general symmetry, namely the description
of it as an equivalent set of conditions on the kinematical quantities character-
ising the congruence of the integral lines of the vector field that generates the
symmetry.
Using the above notion we finally manage to write the field equations which
the dynamical variables obey for any type of matter, in a way that they inherit
the symmetry of the generating vector.
The method has been applied in the case of a spacelike Conformal Killing vec-
tor symmetry recovering completely the existing literature. Further applications
have been considered recovering results obtained by other methods in the case of
a perfect fluid spacetime.
Thus we finally generalise and extend the results of the current literature in
the form of the symmetries-incorporated Einstein’s field equations for general
matter.
The usefulness of such a construction lays on the following facts:
Firstly the field equations for general matter obtain an irreducible form with
respect to the covariant congruence framework and specify completely the evo-
lution of the spacetime dynamical variables inheriting, at the same time, the
symmetry of the vector that generates it.
Secondly the system of the symmeties-incorporated Einstein equations give
us the opportunity to eliminate the symmetry from the field equations trivially
and find exact solutions that will by construction comply with the symmetry.
Thirdly, the set of the symmetries-incorporated field equations can be also
used in another perspective equally significant. That is the above set of equations
can be considered as a system of integrability conditions for the existence of a
spacetime symmetry of a particular kind, in spacetime, when a concrete form of
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the energy-momentum tensor is specified. Conversely it is possible imposing a
spacetime symmetry to examine what types of matter can be present in spacetime.
Related to the above remark the existing literature, using other methods, give
us the information that some of the discussed symmetries are either absent or
tightly restricted if a specific form of the energy momentum tensor is given. For
example, affine and conformal vector fields cannot exist in vaccum spacetimes and
affines are also forbidden when we have a perfect fluid with 0 ≤ p 6= ρ > 0 and
are also severely restricted for Einstein-Maxwell spacetimes [16,37]. Curvature
symmetries are also heavily restricted in a similar way [38]. Along these lines
research is in progress, using the formalism developed in this paper.
We finally wish to mention a short remark, which shows another fruitful di-
rection in the same framework.
The method presented in this paper can be also used to study the symmetry
inheritance of a kinematical or dynamical variable. This concept has been defined
in the literature [29,31,39] to mean that in the presence of a spacetime symmetry
a kinematical or dynamical variable X , satisfies an equation of the form
LξX + kψX = 0
where k is a constant depending on the tensorial character of X . It is an appeal-
ing idea because it relates the symmetry with all the variables kinematical and
dynamical making full use of the field equations.
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